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ABSTRACT
This paper studies the Soret and Dufour effects on MHD flow of a Casson fluid past a stretching sheet in the presence of chemical reaction, viscous
dissipation and variable thermal conductivity. The fluid is taken to be electrically conducting and the flow is induced by a stretching surface. The
governing partial differential equations are transformed into non-linear ordinary differential equations using similarity transformations. The resulting
equations are then solved numerically by shooting method. The impact of various stimulating parameters on the flow, heat and mass transfer
characteristics are analyzed and discussed in detail through graphs. It is observed that the thermal conductivity parameter has a lot of control on heat
and mass transfer rates. A comparison with previously published work is accomplished and the outcomes are found to be in excellent agreement.
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1.

and concentration. Chemical reaction and radiation absorption effects
on the flow and heat transfer of a nanofluid in a rotating system have
been presented by Venkateswarlu and Satya Narayana (2015). Kataria
and Patel (2016) have investigated the radiation and chemical reaction
effects on MHD Casson fluid flow past an oscillating vertical plate
embedded in a porous medium. Satya Narayana and Venkateswarlu
(2016) have studied heat and mass transfer on MHD nanofluid flow
past a vertical porous plate in a rotating system. Some pertinent
surveys which have been carried out recently are presented in Refs.
(Hayat et al. 2012; Raju et al. 2014; Ahmed et al. 2014; Sheikholeslami
and Rashidi, 2015; Imran Ullah et al., 2016; Raju et al., 2016).
All the above mentioned articles deal with the constant physical
properties of the fluid. But in reality, most of the practical situations
claims for physical properties of the fluids vary significantly with
temperature. It is reported (Miao and Massoudi, 2015; Anjali Devi and
Prakash, 2015) that the thermal conductivity is inclined to vary with a
temperature gradient, especially in the boundary layer region. The
variable thermal conductivity plays a vital role in many engineering and
industrial applications. In liquid metals, it has been observed that, the
thermal conductivity varies with temperature in an approximately linear
manner in the range from 0 to 400 F (see Kays, 1966). Variable thermal
conductivity in convective heat transfer problems may be observed in
heat exchangers and cooling systems of electronic devices in which the
changes of temperature and hence the variations of thermal conductivity
are huge Talukdar and Mishra, (2002). The concept of firm thermal
conductivity in simulating such cases may effect in large inaccuracy
(see Ref. Saravanan and Kandaswamy (2000)). The viscosity of water
decreases by about 240% when the temperature increases from 10 0 C
(µ = 0.0131 g cm−1 s −1) to 50 0 C (µ = 0.00548 g cm−1 s −1) (see
Ref. Abd El-Aziz (2007)). Abel et al. (2009) studied the effects of
thermal buoyancy and variable thermal conductivity on the MHD flow
and heat transfer in a power-law fluid past a vertical stretching sheet in
the presence of a non-uniform heat source. Animasaun (2015) analyzed
the effects of thermophoresis, variable viscosity and thermal

INTRODUCTION

The boundary layer flows of non-Newtonian fluid persuaded by a
stretching surface are encountered in several engineering processes.
The review of non-Newtonian flows with heat transfer is of prodigious
significance in many manufacturing processes such as in glass sheets
blowing, food processing, hot rolling and paper production etc,
(Olajuwon, 2013; Swati Mukhopadhyay et al., 2012; Bird et al., 1983).
In view of various rheological properties of non-Newtonian fluids in
nature, there is no specific constitutive connection between stress and
rate of strain by which all the non-Newtonian fluids can be observed.
Therefore, several non-Newtonian fluid models (Power-Law Fluid,
Prandtl-Eyring Model, Bingham Fluids, Powell-Eyring Model and
Maxwell fluid model) have been suggested. Among these, Casson fluid
is the simplest model for the rheological effects of viscoelastic fluids.
Initially, the Casson model was introduced by Casson (1959). Later,
Bird et al. (1983) reported that Casson fluid model exhibits shear
thinning characteristics, yield stress and higher viscosity. In addition to
this, it estimates practically well the rheological performance of other
liquids such as syrups and cosmetics etc. The Casson fluid flow over a
stretching sheet is significant in the field of metallurgy and chemical
engineering. Mustafa et al. (2011) presented an unsteady boundary
layer flow of a Casson fluid due to an impulsively started moving flat
plate. Bhattacharya et al. (2013) studied the MHD boundary layer flow
of Casson fluid over a permeable stretching/shrinking sheet. Nadeem et
al. (2013) investigated the Casson fluid flow in two lateral directions
past a porous linear stretching sheet in the presence of magnetic field.
Mukhopadhyay (2013) analyzed the Casson fluid flow and heat transfer
over a nonlinearly stretching surface. Shehzad et al. (2014) studied the
thermophoresis particle deposition in mixed convection threedimensional radiative flow of an Oldroyd-B fluid. Satya Narayana et al.
(2015) presented the combined effects of heat and mass transfer in
Jeffrey fluid over a stretching sheet with power law form of temperature
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conductivity on free convective heat and mass transfer of non-darcian
MHD dissipative Casson fluid flow with suction and n t h order of
chemical reaction. More recently, Animasaun et al. (2016) studied
Casson fluid flow with variable thermo-physical property along
exponentially stretching sheet with suction and exponentially decaying
internal heat generation using the homotopy analysis method. Pramanik
(2014) analyzed the boundary layer flow of a non-Newtonian fluid
accompanied by heat transfer toward an exponentially stretching
surface with suction or blowing at the surface. Bhattacharyya et al.
(2016) presented an exact solution for thermal boundary layer in
Casson fluid flow over permeable shrinking sheet with variable wall
temperature and thermal radiation. Many authors (Satya Narayana et al.
2013a; 2013b; 2015a; 2015b; Venkateswarlu and Satya Narayana,
2015; Vijayalakshmi and Srinivas 2016; Kamalakar et al., 2016) have
investigated heat and transfer flow characteristic of Newtonian/nonNewtonian fluids over different geometries.
To the best of authors’ knowledge, no attempt has been made for
the Casson fluid flow past a stretching sheet with variable thermal
conductivity, thermo diffusion and diffusion thermo effects. The
problem which is discussed here is an important one that arises in many
practical circumstances such as polymer extrusion process. Similarity
solutions are obtained and the reduced ordinary differential equations
are solved numerically using shooting technique with Runge-Kutta
integration scheme, which is more economical from the computational
point of view. The effects of different flow parameters encountered in
the equations are studied with the help of their graphical
representations.

2.

Under the usual boundary layer approximation, the governing equations
describing the conservation of mass, momentum, energy and
concentration in the presence of variable thermal conductivity are
governed by the following equations (see Refs. (Hayat et al. 2012;
Mustafa et al. 2012).
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as y → ∞

The stretching surface has a uniform temperature Tw and the free stream
concentration is T∞ with Tw > T∞ . Also it has a uniform
concentration Cw and the free stream temperature C ∞ with C w > C ∞ .
Using the following transformations:
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We consider the steady MHD laminar boundary-layer flow heat and
mass transfer of an incompressible, electrically conducting Casson fluid
past a stretching surface. The surface is stretched in its own plane with
a velocity proportional to its distance from the fixed origin x = 0 (see
Fig.1). The motion in an incompressible fluid is induced because of the
stretching property. This occurs in view of the elastic properties of the
surface parallel to the x-axis through equal and opposite forces when
the origin is fixed. It is assumed that the fluid is electrically conducting
in the presence of a constant magnetic field B which is exerted in the
0
transverse direction to the surface. The induced magnetic field is
negligible due to small magnetic Reynolds numbers. The rheological
equation of extra stress tensor (τ) for an isotropic and incompressible
flow of a Casson fluid can be written as
py


)eij π >π c 
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2π


τ =

py
ij 
)eij π <π c 
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µ
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The appropriate boundary conditions for the problems are given by

MATHEMATICAL FORMULATION OF THE
PROBLEM

where Py =

(1)

Stretching sheet

In these expressions, the prime indicates the differentiation with respect
to η and
2
Dm k (Tw − T∞ )
uw
k
T
Pr =
Ec =
Sr =
µc p
C P (Tw − T∞ )
ν Tm (C w − C ∞ )

Force

B0

Fig. 1 Schematic diagram of the physical model
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value of the limit η → ∞ for the particular set of parameters. The value
of η may change for another set of physical parameters. Once the finite
value of η is determined then the coupled boundary value problem
given by equations (7)–(9) are solved numerically using the shooting
method.
In order to verify the accuracy of the present method, we have
compared our results with the results of Grubka and Bobba (1985),
Ishak et al. (2008) for the rate of heat transfer and rate of mass transfer.
The comparisons are found to be in excellent agreement, as shown in
Table 1. Therefore we are confident that our results are accurate.

(11)

It is assumed that the temperature-dependent thermal conductivity
K (t ) vary linearly with temperature Eldabe and Salwa, (1995) in the
following form
T − T∞
*
K (T ) = k* (1 + ε
) in which α is the small parameter, k is the
∆T
thermal conductivity of the fluid for away from the plate and
∆T = Tw − T∞ . We note that ε is scalar and signifies variation of the
thermal conductivity with temperature.
The local skin friction coefficient C

f

4.

The distributions of the velocity f ′(η ) , temperature θ (η ) and
concentration φ (η ) from equations (7)-(9), the skin friction at the
surface, Nusselt and Sherwood numbers are shown in Figs. 2–9.

, the local Nusselt number Nux

and Sherwood number Shx are important physical parameters for this
flow heat and mass transfer situations and they given by:
The wall skin friction coefficient C
C

f

=

τw
ρ c2x 2

⇒

(Re x )1/2 C

f

f

is defined as

= (1 + 1 / β ) f ′′(0)

Table 1: Comparison of the Nusselt number for various values of Pr
with Du = Ec = ε = 0 , β = ∞ , Kr = Sr = 0 S
(12)
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p y  ∂u 
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B
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The Nusselt number Nux is defined as
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⇒

The effect of Casson parameter β on the velocity, temperature
and concentration distributions respectively, exhibited in Figs. 2(a)–(c).
It is noticed that, both the temperature and concentration fields
increases with increasing values of β and has quit opposite effect on
the velocity profiles. Physically, high Casson number flows correspond
to solid-like behaviour. This is due to the presence of yield stress which
reduces the velocity. These results are same as noted in Swati
Mukhopadhyay (2013). Also, it is noticed from Table 1 that, both rate
of heat transfer and Sherwood number decrease with increasing β .
Fig. 3 illustrates the effect of magnetic parameter M on the
velocity profiles. The parameter M measures the magnetic field
strength. It can take values in the range 0 < M < ∞ . The greater M , the
stronger will be magnetic field strength. It is witnessed from the figure
that the velocity field decreases with increase of M along the surface.
Physically, larger the Lorentz force gives the lesser velocity as this acts
as a retarding force.
Figs. 4(a) and 4(b) display the influence of variable thermal
conductivity parameter ε on the temperature and concentration profiles
respectively. It is clear that, an increase in the values of ε results in an
increase of temperature profile. This is due to the fact that the
assumption of temperature-dependent thermal conductivity implies a
reduction in the magnitude of the transverse velocity by a quantity
∂K (T )
as can be seen from heat transfer equation (3). It is also
∂y
observed that, ε has opposite effect on the concentration profiles.

is defined as

(Re x )−1/2 Shx = −φ ′(0)

(14)

 ∂C 
where J w = − Dm  
is known as mass flux from the sheet
 ∂y  y = 0

x
where Re x = uw ( x ) is the local Reynolds number
ν

3.

Local Nusselt Number
Grubka and
Ishak et al.
Present
Bobba, (1985)
(2008)
study
1.0000
1.0000
1.000000
1.9237
1.9237
1.923683
3.7207
3.7207
3.720674

(13)

 ∂T 
where qw = −k  
is known as heat flux from the sheet
 ∂y y =0

The Sherwood number

RESULT AND DISCUSSION

NUMERICAL PROCEDURE

Eqs. (7)–(9) are highly non-linear and hence an analytical solution does
not seem to be feasible. So, these equations are solved by employing
the most effective numerical shooting technique with fourth-order
Runge–Kutta integration scheme (the Matlab “bvp4c” package). The
utmost vital factor of this method is to choose the appropriate finite
values of. η → ∞ .. In order to determine η∞ for the boundary value
problem stated by equations (7)– (9), we start with some initial guess
value for some particular set of physical parameters to obtain f ′′(0) .
The solution procedure is repeated with another large value of η∞ until
two successive values of f ′′(0) differ only by the specified significant
digit. The last vale of η∞ is finally chosen to be the most appropriate
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Figure 3 Velocity profile for various values of M
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Figs. 5(a) and 5(b) respectively, show the temperature and
concentration profiles for different values of viscous dissipation
parameter. The Eckert number Ec gives the connection between the
kinetic energy in the flow and the enthalpy.
It is observed that the temperature increases with increasing
Ec value. Physically, heat energy is deposited in the liquid due to the
frictional heating. Thus the effect of increasing Ec is to enhance the
temperature of the fluid at any point in the boundary layer. It is also
observed that, Ec has reverse effect on the concentration profiles.
Figs. 6(a) and 6(b) display the effect of the chemical reaction
parameter Kr on the temperature and concentration distributions
respectively. It is observed that both temperature and concentration
profiles decrease with the increase of chemical reaction parameter.
Physically, Kr > 0 , causes high molecular motion, which consequences
a growth in the transport phenomenon, thereby dropping the
concentration distributions in the fluid flow and matching the boundary
condition on concentration as η → ∞ .

Figs. 7(a) and 7(b) demonstrate the variation of temperature and
concentration profiles for different values of Prandtl number Pr .
Explicitly, Pr = 0.72 , 1.0 and 7.0 relate to air, electrolyte solution such
as salt water and water, respectively. We have randomly chosen Pr
values to retrieve the graphical results. It is obvious that both the
temperature and concentration profiles are reduced as Pr increase in the
boundary layer. This is because larger Pr amounts to lesser thermal
conductivity. Hence Pr can be used to rise the rate of cooling in
conducting flows. It is also noticed from Table 1 that the local Nusselt
number increases with increase of Pr .
The effects of Soret and Dufour numbers on the temperature and
concentration distributions are depicted respectively in Figs. 8(a)–8(d).
It is observed that the temperature and concentration profile increase
with increasing Soret number. This performance is due to the fact that
Soret effect produces a mass flux from lower to higher species
concentration driven by temperature gradient. On the other hand
Dufour number has reverse effect on these profiles. Physically, when
Du is having high value then the effects of combined thermal and
solutal buoyancy forces enhance convection velocity which is in turn
leads to increase the temperature of the fluid by lowering the
concentration of species. Hence, the Dufour effects play an important
role in molecular diffusion with natural convection through a porous
medium.
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(v) Sherwood number decreases with increase in the value of ε and
Sr whereas reverse trend is seen on Nusselt number.

Figs. 9(a) and 9(b) depict the influence of variable thermal
conductivity on the Nusselt number and the Sherwood number against
thermo diffusion parameter. It is predicted that the local Nusselt number
increases with an increasing of ε . On the other hand, the local
Sherwood number decreases with increasing of Sr . This is due to the
fact that the thermal boundary layer absorbs energy which causes the
temperature fall considerably with increasing the value of Sr .

It is hoped that the results obtained will not only provide useful
information for applications, but also serve as a complement to the
previous studies.
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1

0.53
β =0.1, Du=1.0, Ec=0.005, Kr=0.5

0.52

M=1.0, Pr=0.71, Sc=0.16

(R e x ) - 1 /2 S h

0.51
0.5
ε =0.5, 0.6, 0.7, 0.8

0.49
0.48
0.47

1

1.1

1.2

1.3

1.5 1.6 1.7 1.8 1.9
2
Sr
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5.

1.4

CONCLUSIONS

The heat and mass transfer effects on MHD boundary layer flow of a
Casson fluid model with variable thermal conductivity are addressed.
The present analysis leads to the subsequent observations.

specific heat at constant pressure (J kg−1 K−1)

C

concentration susceptibility

S

Cw

species concentration at the wall

C∞

uniform ambient concentration

Dm
Du
Ec
e
ij

mass diffusivity
Dufour number
Eckert number
(i, j)th component of the deformation rate

f
Kr
k
T
K (T )

dimensionless stream function
chemical reaction parameter
thermal diffusion ratio

k*
M
Nu
Pr
py

thermal conductivity of the fluid far away from the plate
magnetic field parameter
local Nusselt number
Prandtl number
yield stress of the fluid

Re x

local Reynolds number

Sc
Sr
Sh
T
T4

Schmidt number
Soret number
local Sherwood number
fluid temperature (K)

T∞
( x , y)
(u, v )

The impacts of β and M on the velocity profile f ′(η ) have
similar effects.
(ii) β has opposite effects on the velocity and concentration
profiles.
(iii) ε has opposite effect on the temperature and concentration
profiles.
(iv) Temperature increases with increase in the Eckert number and
variable thermal conductivity parameter whereas reverse trend
is seen with increase in the chemical reaction parameter.

positive constant
concentration field (kg m−2)
skin friction coefficient

Cp

Tm
Tw

(i)

positive constant
positive constant
constant applied magnetic field (Wb m-2 )

uw ( x )

thermal conductivity (Wm-1k-1)

linear function of temperature
mean temperature of the fluid (K)
temperature at the wall (K)
uniform ambient temperature (K)
Cartesian coordinate’s (m)
velocity components along x and y axes (ms−1)
velocity of stretching surface (ms−1)

GREEK SYMBOLS
∆T
change of variables
β
Casson parameter
ν
kinematic viscosity (m2s-1)
σ
electrical conductivity of the fluid
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ρ
ε
θ
φ
ψ
π
πc
µB

Global Digital Central
ISSN: 2151-8629

fluid density (kgm-3)
variable thermal conductivity parameter
dimensionless temperature
dimensionless concentration
stream function (m2 s−1)
product of the component of the deformation rate
critical value of product based on the non-Newtonian model
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